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Physics is said to be universal when it emerges regardless of the underlying microscopic details. A
prominent example is the Efimov effect, which predicts the emergence of an infinite tower of three-
body bound states obeying discrete scale invariance when the particles interact resonantly. Because
of its universality and peculiarity, the Efimov effect has been the subject of extensive research in
chemical, atomic, nuclear and particle physics for decades. Here we employ an anisotropic Heisenberg
model to show that collective excitations in quantum magnets (magnons) also exhibit the Efimov
effect. We locate anisotropy-induced two-magnon resonances, compute binding energies of three
magnons and find that they fit into the universal scaling law. We propose several approaches to
experimentally realize the Efimov effect in quantum magnets, where the emergent Efimov states of
magnons can be observed with commonly used spectroscopic measurements. Our study thus opens
up new avenues for universal few-body physics in condensed matter systems.
PACS numbers: 75.10.Jm, 75.30.Ds, 03.65.Ge, 03.65.Nk
Introduction
Sometimes we observe that completely different sys-
tems exhibit the same physics. Such physics is said to
be universal and its most famous example is the criti-
cal phenomena [1]. In the vicinity of second-order phase
transitions where the correlation length diverges, micro-
scopic details become unimportant and the critical phe-
nomena are characterized by only a few ingredients; di-
mensionality, interaction range and symmetry of the or-
der parameter. Accordingly, fluids and magnets exhibit
the same critical exponents. The universality in critical
phenomena has been one of the central themes in con-
densed matter physics.
Similarly, we can also observe universal physics in the
vicinity of scattering resonances where the s-wave scat-
tering length diverges. Here low-energy physics is char-
acterized solely by the s-wave scattering length and does
not depend on other microscopic details. One of the most
prominent phenomena in such universal systems is the
Efimov effect, which predicts the emergence of an infi-
nite tower of three-body bound states obeying discrete
scale invariance:
En+1
En
→ λ−2 (n→∞) (1)
with the universal scale factor λ = 22.6944 [2]. Be-
cause of its universality and peculiarity, the Efimov effect
has been the subject of extensive research in chemical,
atomic, nuclear and particle physics for decades after the
first prediction in 1970 [3, 4]. In particular, the recent
experimental realization with ultracold atoms has greatly
stimulated this research area [5].
In spite of such active research, the Efimov effect
has not attracted much attention in condensed matter
physics so far. However, because the Efimov effect is
universal, it should emerge also in condensed matter sys-
tems. In this article, we show that collective excita-
tions in quantum magnets (magnons) exhibit the Efi-
mov effect by tuning an easy-axis exchange or single-
ion anisotropy. We will locate anisotropy-induced two-
magnon resonances, compute the binding energies of
three magnons and find that they fit into the universal
scaling law. We will also propose several approaches to
experimentally realize the Efimov effect in quantum mag-
nets, including frustrated cases. So far multi-magnon
bound states have been observed with different experi-
mental techniques, but mostly in quasi-one-dimensional
compounds [6–23]. Although the Efimov effect emerges
only in three dimensions [3, 4], the same spectroscopic
measurements can be used to observe the emergent Efi-
mov states of magnons. Our study thus opens up new
avenues for universal few-body physics in condensed mat-
ter systems. Also, in addition to the Bose–Einstein con-
densation of magnons [24], the Efimov effect provides a
novel connection between atomic and magnetic systems.
Anisotropic Heisenberg model
To demonstrate the Efimov effect in quantum magnets,
we consider an anisotropic Heisenberg model on a simple
cubic lattice:
H = −1
2
∑
r
∑
eˆ
(J S+r S
−
r+eˆ + Jz S
z
rS
z
r+eˆ)
−D
∑
r
(Szr)
2 −B
∑
r
Szr , (2)
where
∑
eˆ is a sum over six unit vectors;
∑
eˆ=±xˆ,±yˆ,±zˆ.
Two types of uniaxial anisotropies are introduced here:
anisotropy in the exchange couplings (Jz 6= J) and single-
ion anisotropy (D 6= 0) which generally exist owing to
the crystal field and spin–orbit interaction. Spin opera-
tors S±r ≡ Sxr ± iSyr and Szr obey the usual commutation
relations [S+r , S
−
r′ ] = 2S
z
rδr,r′ , [S
z
r , S
±
r′ ] = ±S±r δr,r′ and
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2the identity (S+r )
2S+1 = (S−r )
2S+1 = 0 for a spin S rep-
resentation. J, Jz > 0 corresponds to a ferromagnetic
coupling and J, Jz < 0 to an antiferromagnetic coupling.
In the latter case, by rotating spins by pi along the z-axis
(S±r → −S±r ) only for sites with odd-valued x + y + z,
we can choose J > 0, which is assumed from now on.
The ground state for a sufficiently large magnetic field
B < 0 is a fully polarized state with all spins point-
ing downwards; Szr |0〉 = −S|0〉 and S−r |0〉 = 0. Be-
cause of the U(1) symmetry of the Hamiltonian (2) un-
der rotation S±r → e±iθS±r , the relative magnetization
N ≡ ∑r(Szr + S) is a conserved quantity. Accordingly,
we can consider an excited state with fixed N , which cor-
responds to a particle number of magnons. N -magnon
excitations on this ground state are described by a wave
function Ψ(r1, . . . , rN ) ≡ 〈0|
∏N
i=1 S
−
ri |Ψ〉, which is sym-
metric under any exchange of coordinates (Bose statis-
tics) and satisfies the Schro¨dinger equation:
EΨ(r1, . . . , rN ) = 〈0|
[
N∏
i=1
S−ri , H
]
|Ψ〉
=
[
N∑
i=1
∑
eˆ
SJ (1−∇ieˆ) +
N∑
i<j
{∑
eˆ
J δri,rj∇ieˆ
−
∑
eˆ
Jz δri,rj+eˆ − 2Dδri,rj
}]
Ψ(r1, . . . , rN ). (3)
Here ∇ieˆ is an operator to displace ri to ri + eˆ and a
constant energy shift −(6SJ − 6SJz − 2SD +D +B)N
is omitted in the right hand side.
The emergence of the Efimov effect in quantum mag-
nets can be understood intuitively by using an exact map-
ping between spins and bosons, which is known as the
Holstein–Primakoff transformation [25]. It is clear from
the Schro¨dinger equation (3) that J in the first term acts
as a hopping amplitude and gives a single-magnon dis-
persion relation:
E0(k) =
∑
eˆ
SJ [1− cos(k · eˆ)]. (4)
The rest describe interactions between a pair of magnons
where Jz > J and D > 0 act as nearest-neighbour and
on-site attractions, respectively.† By tuning these cou-
plings, we can induce a scattering resonance between two
magnons. Once the two-magnon resonance is achieved,
three magnons should exhibit the Efimov effect (1) be-
cause the Efimov effect is universal in the sense that it
emerges regardless of microscopic details.
† Note that the effective N -magnon hardcore repulsion also ex-
ists for N = 2S + 1 according to (S+r )
2S+1 = 0. By setting
r1 = · · · = rN in equation (3), we obtain [E − 3N(N − 1)J +
N(N − 1)D]Ψ(r, . . . , r) = 0. Therefore, unless E − 3N(N −
1)J + N(N − 1)D = 0, the constraint Ψ(r, . . . , r) = 0 is auto-
matically satisfied. In particular, D plays no role for S = 1/2 as
Ψ(r, r) = 0.
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FIG. 1. Critical anisotropy for the two-magnon reso-
nance. The solid, dashed and dotted curves are for S = 1,
S = 3/2 and S = 2, respectively. There exist(s) no, one or
two s-wave bound state(s) at K = 0 in the lower left, middle
or upper right region, respectively, separated by the two crit-
ical curves. The appearance of two degenerate d-wave bound
states is not indicated here.
Two-magnon resonance
We start with a scattering problem of two magnons. A
two-magnon solution with a center-of-mass momentum
K is written as
Ψ(r1, r2) = e
iK·R ψK(ρ), (5)
whereR ≡ (r1+r2)/2 and ρ ≡ r1−r2 are center-of-mass
and relative coordinates, respectively. The Bose statistics
of magnons implies ψK(ρ) = ψK(−ρ) for the relative
wave function. The two-magnon Schro¨dinger equation
can be solved in a standard way by bringing it into the
Lippmann–Schwinger equation (see Methods for details).
The scattering resonance between two magnons is de-
fined by the divergence of the s-wave scattering length
(as) where a two-magnon bound state appears from the
continuum. as can be inferred from the asymptotic be-
haviour of the wave function at zero energy and zero
center-of-mass momentum:
lim
|ρ|→∞
ψ0(ρ)
∣∣
E=0
∝ 1− as|ρ| . (6)
By matching this asymptotic behaviour with the ob-
tained solution (equation (11) in Methods), the analytic
expression of as is obtained as
as
a
=
3
2pi
[
1− D3J − JzJ
(
1− D6SJ
)]
2S − 1 + JzJ
(
1− D6SJ
)
+ 3W
[
1− D3J − JzJ
(
1− D6SJ
)] .
(7)
Here a is the lattice constant and W ≡√
6
96pi3 Γ
(
1
24
)
Γ
(
5
24
)
Γ
(
7
24
)
Γ
(
11
24
)
= 0.505462 results
from one of the Watson’s triple integrals [26].
As a consequence, we find that the two-magnon res-
onance as → ∞ takes place at Jz/J = 2.93654 for
3TABLE I. Few lowest binding energies of three magnons right at the two-magnon resonances.
S Jz/J D/J n En/J
√
En−1/En
1/2 2.93654 — 0 −2.09× 10−1 —
1 −4.15× 10−4 22.4
2 −8.08× 10−7 22.7
1 4.87307 0 0 −5.16× 10−1 —
1 −1.02× 10−3 22.4
2 −2.00× 10−6 22.7
1 +1 4.76874 0 −5.50× 10−2 —
1 −1.16× 10−4 21.8
1 −1 5.12703 0 −4.36× 10−3 —
1 −8.88× 10−6 22.2
— — — ∞ — 22.6944
S = 1/2. Critical anisotropies for other spins are shown
in Fig. 1. In particular, the two-magnon resonance
for S = 1 is induced by the exchange anisotropy at
Jz/J = 4.87307 (D = 0), whereas it is induced by the
single-ion anisotropy at D/J = 4.76874 (Jz = J) or
D/J = 5.12703 (Jz = −J) for an isotropic ferromag-
netic or antiferromagnetic coupling, respectively. Above
these critical points, two magnons form an s-wave bound
state at K = 0. Its binding energy E < 0 determines
the three-magnon threshold in Figs. 2 and 3 below.
Three-magnon Efimov effect
We now turn to a bound-state problem of three
magnons. A bound-state solution to the three-magnon
Schro¨dinger equation can be obtained in a similar way
to the previous two-magnon problem (see Methods for
details). Because our purpose here is to demonstrate the
Efimov effect of magnons, we focus on the s-wave chan-
nel at zero center-of-mass momentum where the Efimov
effect is supposed to emerge.
We find that three magnons form a series of bound
states and their binding energies are shown in Table I
right at the anisotropy-induced two-magnon resonances
located above. The ratios of two successive binding en-
ergies obey the universal scaling law (1), which supports
that the observed bound states of three magnons are in-
deed the Efimov states. Note that although the Efimov
effect emerges only in the s-wave channel [3, 4], it is in
general possible that there are non-Efimov three-magnon
bound states in other channels, which may have lower
binding energies.
In the case of S = 1/2, the two lowest binding energies
near the two-magnon resonance are shown in Fig. 2. The
universal theory predicts that the spectrum of Efimov
states is completely characterized by the s-wave scatter-
ing length as and the so-called Efimov parameter κ∗ [4]:
En → −λ−2n h¯
2κ2∗
m
F
(
λn
κ∗as
)
(n→∞). (8)
Here m is the mass of constituent particles and F (x) is
the universal function defined in a range −0.663293 ≤
x ≤ 14.1314 and normalized as F (0) = 1. The inverse
effective mass of magnons is 1/m = 2SJa2/h¯2, which is
inferred from the single-magnon dispersion relation (4).
By matching equation (8) with the binding energy of the
second excited state at the resonance, we obtain κ∗a '
0.463. The resulting universal curves for n = 0 and n = 1
are also plotted in Fig. 2 by using as obtained in equation
(7). We find an excellent agreement of the binding energy
of the first excited state with the universal theory, which
leaves no doubt that this three-magnon bound state is the
universal Efimov state. On the other hand, the binding
energy of the ground state deviates from the universal
theory away from the two-magnon resonance where non-
universal corrections become non-negligible.
Similarly, in the case of S = 1 with Jz = J (−J),
we obtain κ∗a ' 0.173 (0.0478) by matching equation
(8) with the binding energy of the first excited state at
the resonance. The resulting universal curve for n = 0
is plotted in Fig. 3 as well as the ground-state binding
energy near the two-magnon resonance. We find a rea-
sonable agreement between them, which confirms that
this three-magnon bound state is consistent with the uni-
versal Efimov state. Our findings here support the fact
that resonantly interacting magnons fall into the class of
universal few-body systems. Accordingly, other univer-
sal aspects of Efimov physics, such as a pair of four-body
resonances associated with every Efimov state [27, 28],
also apply to the system of magnons.
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FIG. 2. Two lowest binding energies of three magnons
for S = 1/2 near the two-magnon resonance. Dots are
numerical results and the solid curve is from the universal
theory (8). The upper coloured region represents the three-
magnon continuum and the cross (×) marks the critical point
where a two-magnon bound state appears. The left and right
gray areas for n = 0 indicate regions where |as|/a < 10.
Towards experimental realization
In summary, we showed that magnons in quantum
magnets exhibit the Efimov effect by tuning an easy-
axis exchange or single-ion anisotropy. The single-ion
anisotropy D can be changed significantly in organic
magnets by choosing different ligands [29]. Therefore,
it is possible to find a compound with spin S ≥ 1 whose
D/J ratio is already close to the critical value. For ex-
ample, there is an S = 1 ferromagnetic compound based
on molecular Ni2+ squares with D/J ' 3.0(5) [30], which
is not far from the critical value 4.76874. Furthermore,
the exchange coupling J can be tuned with pressure [31]
to bring the system near the two-magnon resonance and
realize the Efimov effect.
On the other hand, the single-ion anisotropy plays no
role for S = 1/2. In this case, the two-magnon reso-
nance can be induced by the exchange anisotropy, al-
though it is in general difficult to tune and its criti-
cal value (Jz/J = 2.93654) is somewhat large. How-
ever, the critical exchange anisotropy can be reduced
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FIG. 3. Lowest binding energy of three magnons for
S = 1 near the two-magnon resonance. The upper
(lower) panel corresponds to Jz = J (−J). See the legend
of Fig. 2 for other details.
significantly if the magnet is spatially anisotropic. Spa-
tially anisotropic exchange couplings can be taken into
account simply by replacing J and Jz in the Hamilto-
nian (2) with J eˆ and J eˆz , respectively. We assume a
uniaxial anisotropy J ≡ J xˆ = J yˆ and Jz ≡ J xˆz = J yˆz
with a shared ratio γ ≡ J/J zˆ = Jz/J zˆz . As shown in
Fig. 4, the corresponding critical exchange anisotropy re-
duces significantly towards an isotropic point Jz/J → 1
in a quasi-one-dimensional (γ → 0) or two-dimensional
(γ → ∞) limit. Because magnets with strong spatial
anisotropies are very common [32–38], there is hope to
find an S = 1/2 ferromagnetic compound whose Jz/J
ratio is already close to the critical value. Once such a
compound is identified, the spatial anisotropy γ can be
tuned with pressure.
An alternative approach to induce the two-magnon res-
onance in S = 1/2 magnets even without the exchange
anisotropy (Jz = J) is to introduce frustrated exchange
interactions. The simplest example is given by quasi-one-
dimensional spin chains with nearest-neighbour ferro-
magnetic and next-nearest-neighbour antiferromagnetic
51D 2D
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FIG. 4. Critical exchange anisotropy for the two-
magnon resonance in the presence of the spatial
anisotropy. The solid and dashed curves are for S = 1/2
and S = 1 with D = 0, respectively. An s-wave bound state
at K = 0 appears in the upper side of the critical curve.
couplings:
Hintra = −
∑
r
(J zˆSr · Sr+zˆ − J2zˆSr · Sr+2zˆ), (9)
which are realized in Rb2Cu2Mo3O12 [39], LiCuVO4 [40]
and Li2CuO2 [41]. When J
zˆ/J2zˆ < 4, the single-magnon
dispersion develops minima at nonzero momentum k0 ≡
± arccos(J zˆ/4J2zˆ), and accordingly, two magnons form
a bound state with a center-of-mass momentum 2k0 [41–
47]. This two-magnon bound state disappears into the
continuum at a certain interchain coupling:
Hinter = −
∑
r
J (Sr · Sr+xˆ + Sr · Sr+yˆ), (10)
which leads to the two-magnon resonance. The corre-
sponding critical spatial anisotropy γ = J/J zˆ is shown
in Fig. 5. Because the frustration ratio J zˆ/J2zˆ is highly
tunable with pressure owing to the strong dependence of
ferromagnetic couplings on the cation–anion–cation angle
of the superexchange path [48], S = 1/2 frustrated mag-
nets are promising candidates for realizing the Efimov
effect without the strong exchange anisotropy. The same
approach can also be applied to quasi-two-dimensional
frustrated magnets [49].
So far multi-magnon bound states have been observed
mostly in quasi-one-dimensional compounds but with dif-
ferent experimental techniques, such as absorption spec-
troscopy [6–12, 15, 17], inelastic neutron scattering [18,
21] and electron spin resonance [13, 14, 16, 19, 20, 22, 23].
The same spectroscopic measurements can be used here
to observe the emergent Efimov states of magnons, pro-
vided that the conservation of the magnetization along
the magnetic field axis is weakly violated [8, 9, 20]. We
found that even the lowest bound state of three magnons
is already consistent with the universal Efimov state. Its
binding energy for ferromagnetic cases is 5 ∼ 55% of the
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FIG. 5. Critical spatial anisotropy for the two-magnon
resonance for S = 1/2 in the presence of the frustra-
tion. An s-wave bound state atK = (0, 0, 2k0) appears in the
lower side of the critical curve. The critical spatial anisotropy
for S = 1 with D = 0 is at most γ < 3.61 × 10−5 and thus
invisible here.
exchange coupling, which can be up to 102 ∼ 103 K. As
a dilution refrigerator can lower the temperature down
to a few tens of millikelvin, the observation of the lowest
one or two Efimov state(s) is within reach.
Methods
Two-magnon problem
The Schro¨dinger equation (3) for two magnons (N = 2)
can be solved in a standard way. By treating the first
term in the right hand side as a free part (H0) and the rest
as an interaction part (V ), the two-magnon Schro¨dinger
equation can be brought into the Lippmann–Schwinger
equation:
ψK(ρ) = φK(ρ) + 〈ρ| 1
E −H0 + i0+V |ψK〉
= φK(ρ) +
∫ pi/a
−pi/a
dk
(2pi/a)3
cos(k · ρ)
E − EK(k) + i0+
×
[∑
eˆ
{J cos(K2 · eˆ)− Jz cos(k · eˆ)}ψK(eˆ)− 2DψK(0)
]
.
(11)
Here φK(ρ) is a solution to EφK(ρ) = H0φK(ρ) and
EK(k) ≡ E0(K2 + k) + E0(K2 − k) is the energy of two
non-interacting magnons. By setting ρ = xˆ, yˆ, zˆ and
ρ = 0 in equation (11), we obtain four coupled equations
which determine the four unknown constants; ψK(eˆ) and
ψK(0), which in turn determine ψK(ρ) through equation
(11). The same result was obtained in the isotropic case
of Jz = J and D = 0 in the pioneering work [50].
6Three-magnon problem
The Schro¨dinger equation (3) for three magnons (N =
3) can be solved in a similar way. By treating the first
term in the right hand side as a free part (H0) and the
rest as an interaction part (V ), the Lippmann–Schwinger
equation for E < 0 is written as
Ψ(r1, r2, r3) = 〈r1, r2, r3| 1
E −H0V |Ψ〉. (12)
We then introduce a new parametrization of the wave
function:
χK(ρ;k) ≡
∑
r1,r2,r3
δρ,r1−r2 e
−i(K−k)·( r1+r22 )−ik·r3
×Ψ(r1, r2, r3), (13)
which describes three magnons with a center-of-mass mo-
mentum K in which two of them are separated by a dis-
tance ρ and the third one has a momentum k. The Bose
statistics of magnons implies χK(ρ;k) = χK(−ρ;k).
After a straightforward calculation, the Lippmann–
Schwinger equation (12) can be brought into
χK(ρ;k3) =
∫ pi/a
−pi/a
dk1
(2pi/a)3
cos( 2k1+k3−K2 · ρ)
E − E0(k1,K − k1 − k3,k3)
×
[∑
eˆ
{J cos(K−k32 · eˆ)− Jz cos( 2k1+k3−K2 · eˆ)}χK(eˆ;k3)
+ 2
∑
eˆ
{J cos(K−k12 · eˆ)− Jz cos(k1+2k3−K2 · eˆ)}
× χK(eˆ;k1)− 2DχK(0;k3)− 4DχK(0;k1)
]
, (14)
where E0(k1,k2,k3) ≡
∑
i=1,2,3E0(ki) is the energy of
three non-interacting magnons. By setting ρ = xˆ, yˆ, zˆ
and ρ = 0 in equation (14), we obtain four coupled inte-
gral equations which determine the allowed binding en-
ergy E < 0 and the four unknown functions; χK(eˆ;k)
and χK(0;k), which in turn determine χK(ρ;k) through
equation (14).
Bound-state solutions in the s-wave chan-
nel at K = 0 correspond to those where (i)
χ0(xˆ; kx, ky, kz) = χ0(yˆ; kz, kx, ky) = χ0(zˆ; ky, kz, kx),
(ii) χ0(xˆ; kx, ky, kz) = χ0(xˆ; kx, kz, ky), (iii)
χ0(0; kx, ky, kz) is symmetric under any exchange
among {kx, ky, kz} and (iv) all of them are even func-
tions of kν (ν = x, y, z). The resulting two coupled
integral equations with three variables ranging from 0
to pi are solved numerically by discretizing each variable
with the Gaussian quadrature rule.
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